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oln & e A5 n (22) o Hste] u” & F /
SolA 2LAIA®, w F(u”) 04 A F(u™
olil F(uw) © F(u") 9 3 A o]t}
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o

((x, Ve F*| ax+by+c=0)
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& wE9= gdojeta

A F $1e] obAgE AG(2, F) oA x, y ol #3 44 f(x,9) =0
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{((x,») e F*| f(x,5) = 0)
obdW AG(2, F) 918 FAelgtx v zela, B34 f(x, 9) =0
o] Ao WgAoelgt stal o] AL 1hHdE] ‘A f(x, ¥) = 0l
. 53], olAwd AG(2, F) olA Weierstrass ¢ W44

& o o
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c‘;l,

E : y2+dxy+ey=x3+ax2+bx+c

HEAIE A (1, y) € FP AAZ o7 JF

i

(%) ((x, e F |y +dxy+ey=x+ax’>+bx+ ¢}
E A F A9 e 23A (elliptic curve)©]ghar gk},
oAl obdEH AG(2, F) ol #@YARpas) .~ O
0 Az =93 2 44 d8h
x=k (ke F)

A 0% Adnta 47, 9o

x=k1, x=k2 xzkl x=k2

2> o3k " O A it 3 (%) 9
Feed 0 & 71 H3ks G(E, F) & YeAL =,
G(E,F) = {(x,y) € F? | y* +dxy+ev=x"+ax’*+bx+c} U{0}

AP o= olE W AF (2, F) & AMYHWAGHE T projective plane)
PG (2, F) stollA] AZsla oS oveth( [8] ¢ §25, §26 #=x).
0]

olAl Al F o] 57
W 22 = B

E : y2=x3+ax2—l-bx+c

S
o o
o
&N
:ol=
f
2

AN B taxt+bxtc=0C A F o A oA delA FE

& sgsel Al 2 g, 8, v & 7HAGT a4 of W,
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o>

D= {(a=B)(a—n (L7}
2 A8 f(x) 2+ ax® + bx+ ¢ T BT E o sa A (G510
olg}il st D& v 22 Ao vepdof i (A e 474).
D= —21c" —4ad’c— 4 b*+ a*b* + 18 abc
E38, F=R3 7ol D+0ol¥, A4 2 +ax’ + bx+c=0
S N2 O A A2E 2AY B 3 A2 T oF3S A o] A9
y=x+ax’ +bxt+c v = FP+ax+bxtcd aHEZE OGS 2

y v

M. <
K—/ X

N

L/
N

g}

g3 9o Az g2 F A4 P=(x,y), Q= (x5, ) o di3to]
o3 2o

o A o)A,

$(0,P) = ¢(P,0) = (A5 Aelx 0, P & Ay 440l
HASA AR W 7))

#(P, Q) = 4(Q, P) = (A elA P, Q & Ah AHo|
gE A A2 whte )
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o

A P=(x,y) 7t BUFA E A2 4 W, o 8¢ Avke 449
AN x =2, S WA Y =20+ ax’ + bx+ coll dYsHA

2 2

=x13+ax12—|—bx1+c=y1 y 0

y '
= (y—y)(y+y) =0
OJER y=y EE y= —y

P
oIt} webd AH x = x, 7 B N ]
NNy

S E oke] WA x
P = (x1,5), P"= (x,— 1) P’

Wol 31, ® thgo] Ay, \
(1) ¢(0,P) =¢(P,0) =P, #(0,P’) = ¢(P",0) =P

P+ P ol¥, ¢(P,P") = ¢(P",P) = O olt}.
R EXICE LR

P=(x;,y), Q= (xy,y), X9 F Xy
o tste] R = ¢(P,Q), R" = ¢(0,R) = (x3, y3) o2+l 3}A.
ol wl (1)l 2la}e] y 0
R = (x3,—v3)

ola, & AXM PQ ¢ 7l&7=

Q R = (x3,—
N /\/ (x5 y3)

k=222l oz o] 449 *

2T X P "= (x3,¥3)
WA y=k(x—x) +
olt},

(x—x) + < V=x"+ax’ + bx+ ¢ ol HYgste] A

2+ (a— k) x* + (b+2k %, — 2ky)x
+c—ExP+ kxiy— v, 2 =0

& A xy, a9, x5 5 0] WA ZOIEE x) +xy + a3 =— (a— k) °]
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pe = (=y) _ ntys
X1 X3 X1 X3
ojlnR oy ARE deErh
(2) kzw, x3=k2—a—(x1+x2), y3=k(x1—x3)—y1
Xo— X1

Ehe=ra fle) A P o= (g, p) ol Wisked, Bhe=A 9lef A

Q= (x5,¥), XyF X1, YoF — V)
= "dlo] Q7F e gAEe wel P ol dkglol HE W AA PQ 7 %
of sk AAS A P oA HAGEA) o2 st B b Zo] A9

H(P, P) = (AF4™ PG(2, F) oA P olxe] Galo]
B4 A2 e 1)

ol w, AM PQ< 71&7E molgdt A, m(x,—x) = y,—y, ©lL
o] Mo AL y=m (x—x)+y oItk 1],
m (xy—x1) (¥ +31) = 3,7 = »%, Yoty #0
vieyt =2 ) taley = x?) + b(xy—x)
= (my—a) {0+ o0+ 2,2+ a(wy+x) +5)
ojm & thgol AT
(3) m(vi+yy) = %" + 2100+ 112+ alxy+x;) +b
WAy #+0 A A5 A Ba o] Bge 3 Q 7F g wet
AP oo ggle]l 2 W] m o #®e kel ad, (3) oA xy, v, = Z
7y xp, vy ol @gle]l A RE vy 23E deth

302+ 2ax, +b
2y,

_4

@) 2y, k=3x"42ax,+b, k=
agBRRE oy F0 A
R = ¢(P, P), R’ = ¢(0,R) = (x3,y3)
olgtil st (1) o &la}ed



")
—_
wn
ol
©
=z
oy
)

= (a3, —¥3) y 0
olaL & (2) o ¢lsto] th&ol ‘
é‘j/]tl ]—D} R=(x3,—y3)
Xy =k —a—2x, P

5)

V3 zk(ﬁﬁ_xs)_)ﬁ Q X
o2l vy, =0 < A5l
3x1 +2ax1+b¢O°]D} R'=(x3,y3)
AAZ 30,24 2ax, +b =0 |

olgi 7MABA, x,° + ax, i+ bx + c= (0] B
X+ ax’ + bx+ ¢
= (x—x) X+ (+ ) x+ x°+ax, + b
= (x—x)*(x + 2x,+ @)

AL Eatee D=+ (o ZeEth 3x i+ 2ax,+ b+ 0
mebd H Q7F BRdFAE wet H P ool dkglo] HE uf, 2
m(y;+yy) = x22+x1x2+x12+a(x2+x1)+b

0 H2ska $9e o H2ua o] Aol m o Fe Al

aEE o] gl A PolAe Hade BN x=x o1, o] HAL
o dtez A Pl o] ged=dst Az vt
E AL 0°lth & P=(x,0) % 9, ¢, P)= 0 elth
Al A=A S = A4 P, Qs F8AH O ol ato]
0=0, 0+ P = ¢(0, ¢(0,P)),
0 = ¢(0, ¢(P,0)), P+ Q= ¢(0, ¢(P,Q))
W, o] A7HA A Aol 9ate] thg At e $HY

=~
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Ael 1A F o &57F 0 o7u B S50 REUE w, A F $oA <]
=

E : y2=x3+ax2+bx+c
of iste] D= —27¢" —4a’c— 46"+ a" b+ 18abe ol A,
o714 D0 ), ¥
G(E,F) ={(x,y) € F* | ¥ = &*+ ax’* + bx+ ¢} U {0}
o 92 0% P=(x,3), Q= (x;,3) o Wl Thg3 Lol FoIsiul
ol9} zro] AHeol¥ TiAle] Bale] G(E, F) & BQATS o2t}
E3], E49 M pot ¥ AF mol tate] g = p”olgtx & o,
G(E, F,) & 3 glalito|n)
(1) O+0=0, 0O+P=P+0=P
2) xy=2x, y»=—y °I¥, P+Q=Q+P=0 ot}
%, P = (x,y) 9l tdte] — P = (x,,— ) °Ith
B xy#Fx; €W, P+Q= Q+P = (x3,y3) olth. o71A

Vo— V¥
k= ——7 L =R —a—(x+x), v3=FkFlx—x)—
Xo— X1

4) y»#0 4 W, P+P=(x3,y3 olth o714

3x12+2dxl +b

k= 2, ,

X3 =k —a—2x, y3=~Fk(x;—x)—
o] AeleA F= F, < A5l
D= —21c"—4d°c—4b"+d*b*+ 18abc
g°l ot o33 23S on| g
g=3"2 9, D=2dc+2b+d"b’
g=5"9 v, D=3c¢+dc+ b +db*+ 3abc
¢g=T1"9 W, D= c"+3d°c+3b8+d°b*+ dabc

rir
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7] 1 A4 R oA 53 22 B34S A BAt
E: y=x+1
WA D= —2T+0°]2 & sz G(E, R oA tFo] 4Heh
P=(-1,0) € " tsol A
P+P=0 &5 —-P=P=(-1,0)
2 #4334 E 919 + A
P=(x,y)=1(-10, Q= (x,y) =101

oA 9 A PQol W
y=x+10°]3, & o] HXHo] E

o A2 Wi de R=(2,3) O 7 0
olm® P+ Q= (2,—3)°|t}h
3
AA =, i
P+Q = (x3, v3) 0
oleh: @ wl, theo] 4R, ;
X
_ Y=y _ 1-0 _ 0 2
k X9 — X1 0+1 L
x5 =K —a—(x+x)
—1-0-(-1+0) =2, B R™= (2, 59)
vy = k(x1—x3) — ¥
—(-1-2)-0= -3
2
@ a9 4 Q= (0, 1) AAsl g8 A7 k= —
olmz HAHe WANL y =10t
T oy=1% Y= +10 tdate] de WA P =0 FFES

2Q=Q+Q=(0,—-1
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B712 A F5 =1{0,1,2,3,4) $lA <] efg3A
E : yV=x+1
of et D = 3c¢* + a’c+ b+ a*b*+ 3abe = 3 +0 o3, A FyolA
0°=0, (xD*=1, (£2)*=4
JBZ (x,y) 7} o BATA 9 4 o thgol AA

x=09 4% Y =0"+1=1022 y=1, y=—1=4c°|ch
x=19 A% y* =1"+1=20]2 o3 y& EAsA %=
x=29% A% y =2"+1=40HE y=2, y=—2 = 3ot}
x =239 A%y =3"+1=30|3 o]ed y& EAaA &tk
x=4=—-19 3% y*=(-1D'+1=0022 y=(o|th

Weh G(E, Fp) & 043 2 95 69 szl
G(E, F3) = {(0, 1), (0,4), (2,2), (2,3), (4,0),0)

293, tgol Add,

(1) P=(4,0)9%, —P=p ot

@ P=(2,3),Q= (40 %, P+Q= (x,y)oletz au

I-'O{

p= 2T S8 99719321
X9 — X1 2

xg =k —(x,+tx)=1"—(2+4) =1-1=0,
vy =k(x;—x3) =y =2—-3=—-1=4

oz P+Q = (0,4) otk
3 P=(23) 2 u, 2P=P+P = (x,, v;) oletx 3

_3x’ _ 3.2 2 _
=y T 1T

xy=F—=2x,=0, y3=k(x;—x3)—y =1
olm® 2P = (0, 1) oItk vV R, vhao] A HEH
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3P=2P+P=1(4,0, 4P=3P+P=1(0,4),
5P=4P+P=(2,2, 6P=5P+P=0
kA sl G(E, Fs) = P & AdYeR 7 8ot &

G(E,F5) =<P>={0, P,2P,3P, 4P, 5P}, 6P =0

w713 A F;=1{0,1,2,3,4,5,6} SlelAe] epd=4
E: y=x+3
of et D= ¢*+3a’c+ 38 +a°b*+ dabe= 3" =2+ otk
@, Al Fpold 0% =0, (2D =1, (£2)° =4, (£3)* =222
G(E, F7) 2 t53 22 13719 94s o] Fo|x glalolt)
G(E, Fq7) ={(1,2), (1,5),(2,2),(2,5),(3,3), (3,4),
(4,2),(4,5),(5,3),(5,4),(6,3), (6,4),0}
dF 50, P = (1,2) ¢ 9,

_3x12_ 3 a4l _a9.0_p_ _
k= 2y, — 3.9 =34 "=3-2=6=—1,

xy=k—-2x;=(-1D"-2-1=1-2=-1=6,

vy =k(x;—x3) =y =(-1)-2—-2=—-4=3
oJmE 2P =P+P = (6,3) %L = 3P = (2,2) °lth
AAR, G(E Fo)E $15 139 c@ol & 999 94 P+ 0l
thste] Bl ik

G(E,F;) = (P> ={0, P,2P, 3P, -, 12P}, 13P =0

e 14 F=F,, ¢=3"< 4%l
D=2dc+ 20+ a*b*
olBE ph=0, a’c+0 EE a=0, b+0< W D+0olth & 4 <
54 oM 3x% 2ax, 2y, —2x, & A2 0, —ax;, — v, 5 % 2L

-1 O
B2 oF A $4& 47 vest gol 2 & F v
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o>
<

ax;— b
= —1——
V1

X3 = k2—a+x1, vy = k(x;—x3) — 3

HelA o gEAe s s,

al

054 2 Galois A F 4n S04 9] gl

y2=x3+ax2+bx+c
= a=0, b+0olzgtx 3k} o] W, g

w
Tr=

E

o Wated b=0, a’c+0
G(E, Fg) = {(x,y € |F3m2 | v* = &° + ax® + bx + ¢} U {0}

.

A

o A0 P=(x,v), Q= (x9,y) o tigte] th33 Zo] Helstd
o9} o] Hogt Tl #ate] G(E, F4u) & 3 ST S o

1) 0+0=0, O+P=P+0=P
2 x=x, »»=—y °I¥ P+Q=Q+P=0 ot}

%, P=(x,y)°l tgte] — P = (x;,—yy) °Ith
W, P+ Q=Q+ P = (x3,y3) oIt} 7]A

3) xy+Fx, Y
vy = k(x1—x3) — »

Vo— ¥
k=ﬁ, 3=k —a—(x+x),
@) y»i#=0¥ @, P+P = (x3,y3) olth &7]A
—b
k=ax;71, Xy =k —a+tx, y3=~rk(x;—x3)— ¥

o
R

Galois Al F gu & EF7F 2 Q1 fretAlol 22, Galois Al F 4w oA Hh50]

e 2kia=
xitx =0, —x=2x, X +x)=1x+tx
o|A] Galois Al F,u SAolA vh53 22 B34S A7) ®mak
(c+0)

E, Vtaxy=x2+ax*+ ¢
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8 P = Co,v) 7k ol BERA A9 Holgn W, x— x5 & E ol
oA Hestel gelshe ve A%E Ak
2

¢

Yty =x"+ax +c =y +xy,
Y4yt =anytan & G+ i+txy+y) =0,
(y+y)(y+y +x) =0,
vty =0 EE y+y+x =0
et y=y EE y=ytxolBE AM x=x % BHAdFH E
o WL P = (x,y), P"= (a1, 5 +x) ¥tk o] AHHS o] &sHd

=
qe) 19 395 bl o bgol 4UTS 39T F Aok

A2 3 Galois A F,» 04 <] EF33A
E : Ytaxy=x+a’+c (c=+0)
o tjs}ol
G(E|,Fy) ={(x,9) € Fyp’ | ¥ +uxy=x"+ ax’ + c} U{O}
olekn & W, G(E,Fp) el 92 0, P=(x,3), Q= (x,3)
stel thgah 2ol Aolsh olsh ol AolE QA B3] G(E, Fp)

1 0+0=0, O+P=P+0=P

2) x9=x;, yow=x+y; %18, P+Q=Q+P =0 o[t}
=, P = (x, )0l Watel — P = (x, y,+x) oItk

@) xpFx08, P+ Q=Q+ P = (x,y;) °lth ©714]

Vit y

k= X1+ X9

’

xy=F+ktat(x+x), v3=~rk(+a)+y+a
4) x;#=00°", P+P=(x3,y3) ©lth 7|4

— 2 c _ .2 Y1
X3 = X1 +767, V3 = X +(x1+71)x3+x3
1

’
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B71 4 A Fyo= (0,1} 99 934 plo) =2'+x+1%

4 =
Aot (B 7] 425). oA pla) =09 92 e S =Y3HE, o

ol 2' /M9 A4 o]Fol7 Galois A F i & A=
Foo={ataeae+ ayd*+ aya’ | ay, ay,a,, a5 Fy )

pa)=d'+a+1=0 & o'=1+a

1 _ 2 2 3 3

a a, a” = a°, a’ = a
' =1+a, @ =a+d, d=d+a
d=1+a+a’, & =1+ a%, & =a+ad

Ulo

el 4
3} 3

U=1+4a+d*, d'=a+d+2* d*=1+a+*+d’

B=14+d"4+a", oM=1+4", a” =1
o[Al Galois F 4 #lolA th&3 22 =4S Azs) BAt

El: Y4+xy=x+a"%"+1

A (xp, v) 78 o] B 9o AL W, (xy, v+ x) &= ol B

$19] Holt}, wpehA (x, y) 7} ©] EFLT3A 919 A w ggo] A3
x=09 A 3y =122 y= 10|t}
x=1 A% Y +y=1+a"+12 y(y+1) =a'olx

(B +1)+a" = a"e® =¥ = o

olmz y=4% y=20a4+1= "o}

DR

R

ct.

%

x=ad A% YV +ay=a"+a"+1 & vV +ay=2"1

olyg y& TASHA &=

x=a’A A9 YV +dlv=a"++1 = V+ddv=172" o)n

y(y+a') =a ol &

AP+ a) =t a® =¥ = of

olmz y=¢o' y=a"+ 0o’ = ¥ ot}



=z
o>

c‘;l,

rO
an)
x,
=N
o
o

Foo)={(0,1), (1, 2%, (1, a"), (*, &),

(d®, a"), (&, ), (&°, aV), (a°, &),
(d°, "), (&, &), (&, ), (", a),

(alo, 61/8), (CllZ,O), ((1'12, 0'12), O}

283, P = (x,3) = (1,4 W, 2P =P+P = (x3,y) ol&x
A, A 443 o 95t

X3 = X *f*=12+i:

x 12 =1+1=0
y3=x12+(x1+%)x3+x3=12-1-0-1-0:1
olm=z 2P = (0,1) °|th

5, Ae] 443 o] 93t 4P =2P + 2P = O o]t}

Galois Al F yn $lolA] v 22 B

E,: yY+ey=x+bx+tc (c+0, e*+0)

A P=(x,3)7h ol A A9 Aolgta & o), x = x & WYY

vo+ ey =x"+ bx+ c o dYstel Helstd o A3E deh
Vtey=x"+by+c=uy"+ey,

vty i =clyty) F (v+y):=e(y+y),
(y+y)(y+y+e =0,

T

vty =0 = yt+yt+te=0

ek y=y e y=y telBE X x = x & B E,

& wHLE P = (x,y), P" = (x,y,+e) ¥olth

o] AHEE o] G,
Ae 19 393 vhbd PEoE b st 47

e S 2~
e wa + ok
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ofy
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Ae 4 Galois A Fon 1149 BY2A

E,: y+ey=x+bx+tec (c#0, e+0)
of thated

G(Ey, Fou)={(x, )€ Fp’|y*+ey=2x"+bx+ c}U{O)
olgti & W, G(E,, Fyu)o 92 0, P=(x,), Q= (x5, )l

thske] vt 2ol Agejsh, ofek o] Heolw Gl #ste] G(E;, F o)

& 8 wARe ot

(1) 0+0=0, 0O+P=P+0=P

o

ol

i

(2) X9 = X1, y2=e+y1%_] U’H, P+Q=Q+P=O°]‘ﬂr
5 P = (x,9) ol hated — P = (&, e+ yy) °Ith
(3) xnglle?——l_] I’LH, P+ Q: (x3,y3—|- e) O]]j— 0:17]}\1

_ ity
x1+x2 ’

x3=k2+(x1+x2), y3=k(x1+x3)+y1+e
4 P+P=(x3,y) 714

X12+b
e ’

k=

x3=k2, vy = k(x;+2x3) +y,+e

ol Al =3 QAT G(E, F,), G(E,, Fyn), G(Ey, Fyn) o8] 5
P+ Q& uth weA Adaus ndsh duelzol usel g,



A71M=, [4] o §459 W& 2= 3t

ehd Aol g ol 2 o HAFH B dyEol sted, Hol
o2y gdiAe o83 Ago dFdd duEd eBdSAdS o83
A A 3t A7 i JyE A

of Aoz, BhAdE ol &3 oA 7 ) A4 dA Al st

=37 = ﬁ}ﬂ‘r a2]an, BRAE ol 83 Ao e darel el el
M el dedal s Fxs]

HEE RS D9Jr Fol A mol vste] g = p™ olekar & w, Galois A
F,7F Ao A F, oA =4 E o dste] gl G(E, Fp) =
et Sl G(E, Fp) o A7 N o, o] #dte 74 94 P
o thsto]

=

NP=P+ - +P
olm, P ¢ AFE np kil ot
<P>=1{0,P,2P, ---, (np—1) P},
npP=P+--+P=0 (PE np/h)
|1 Lagrange ¢ Aol Jdto] np = N9 ool
A, np 7F ATFE] 2 Al 2 F A kel did] Q = kP A Q
2 7ohs dE AeH, 999 Qe (P>, Q+ 0l diste
Q=~*kP, 1 <k<{np
A BF kE T3 = 22 A4 @

=4
o[RS T TAE olArEI FAltaL F
Aol #3t oAz FAE o83 T A FEAAANAE WA

A73E Galois 2l F, & A3 o714 g = p" 7} 25 A5,

0] (P& N
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B g =2"9 A=

Ei: yY4+axv=x+ax’+c¢ (c#+0)

Ey: Y tey=x+bx+c (c#+0,e+0)
of 2 o] el "ty AHE 443 T A 444 & o]&3)

AAZE F2 Galois Al Fyn flolA e BHASAS o] &3k, o] 7

of

_%
Aol AL vt gAT G(E, F o) B G(E,y, Fyn) 9 9571
2% Bn aAY A3 2 2945 7FAF s Aol gEA gl
olm] §320lA =3¢ Diffie-Hellman ©] d4] wd TREZL p7F HEA
go] FAE 2,5 = (0,1, -, p—1} & ol &3 Aola, thgel 2T Z2
EFE o] TREFS HIE Galois A F, oA B3 E o i {3
QAT G(E, F,) & o433 ZREZE uto] ¥ Zlojt

[1] Bt =42 ol &

rok
1A
Ao
El
r (

FAHEA A, B7F 599 vd
Galois A F, o A3t gpgd3a Q
A2 FoA 1 957 A9E 2 942 P2 Hdko] F, E, P& T8,

(1) 84 A= o) A5 B golz Hsid

A Q& Tk ofAE AClA Hin.
() AH44 AE R=7rQ, 2 RE T3 R
4 A4 B R=s5Q, % RE 739 R

il
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